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Cycles through two arcs
a b s t r a c t
Volkmann [L. Volkmann, A remark on cycles through an arc in strongly connected mul-
tipartite tournaments, Appl. Math. Lett. 20 (2007) 1148–1150] conjectured that a strong
c-partite tournament with c ≥ 3 contains three arcs that belong to a cycle of length m for
eachm ∈ {3, 4, . . . , c}. In this work, we prove that Volkmann’s conjecture is true.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
A multipartite tournament or c-partite tournament is an orientation of a complete c-partite graph. A tournament is a
c-partite tournament with exactly c vertices. An m-cycle is a cycle of length m. This work will follow the notation and
terminology defined in [1]. All digraphs are finite without loops and multiple arcs. The vertex set of a digraph D is denoted
by V (D) and the number of V (D) is denoted by |V (D)|. If xy is an arc of a digraph D, then we say that x dominates y and write
x → y. For disjoint subsets X and Y of V (D), if every vertex of X dominates every vertex of Y , we say that X dominates Y ,
denoted by X → Y . X ⇒ Y means that there is no arc from a vertex in Y to a vertex in X .
For a vertex x, the set of vertices dominated by x (resp. dominating x) is denoted by N+(x) (resp. N−(x)). A digraph D
is strong or strongly connected if for each pair of vertices u and v, there is a path in D from u to v. A strong component of a
digraph D is a maximal induced sub-digraph of D that is strong. A cycle in a digraph D is Hamiltonian if it includes all vertices
of D. An arc is pancyclic in D if it belongs to anm-cycle for all 3 ≤ m ≤ |V (D)|.
Let D be a c-partite tournament and let Cm be anm-cycle in D. In this work, the set of vertices that belong to partite sets
not represented on Cm is called the residual set of Cm.
In 1994, Moon [2] obtained that every strong tournament contains at least three pancyclic arcs. In connected with this
result, in 2007, Volkmann [3,4] proved that every strong c-partite tournament with c ≥ 3 contains at least one arc that
belongs to an m-cycle Cm for each m ∈ {3, 4, . . . , c} such that V (C3) ⊂ V (C4) ⊂ · · · ⊂ V (Cc). In [3,4], Volkmann gave a
conjecture that if D is a strong c-partite tournament with c ≥ 3, then D contains at least three arcs that belong to anm-cycle
for eachm ∈ {3, 4, . . . , c}. In this work, we extend the result of Volkmann [3,4] and prove this conjecture.
The following results are useful for our proof of main results. Camion [5] showed that every strong tournament is
Hamiltonian. Let h(T ) denote the maximum number of pancyclic arcs belonging to the same Hamiltonian cycle of a
tournament T . Moon [2] showed that h(T ) ≥ 3 for all strong non-trivial tournaments. Let T1, T2, . . . , Tr be the strong
components of a tournament T such that T1 → T2 → · · · → Tr and r ≥ 2. It is well-known and easy to see that for
every 1 ≤ l ≤ |V (T )| − 1, u ∈ T1, v ∈ Tr , there exists a (u, v)-path of length l in T .
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2. Main results
Theorem 2.1. If D is a strong c-partite tournament with c ≥ 3, then D contains a strong sub-tournament of order c or contains
two arcs that belong to an m-cycle Cm for each m ∈ {3, 4, . . . , c} such that V (C3) ⊂ V (C4) ⊂ · · · ⊂ V (Cc).
Proof. Assume that D does not contain a strong sub-tournament of order c. Let T be a strong sub-tournament of D with
maximum order r . We have 3 ≤ r < c since D contains a 3-cycle. Let Cr be a Hamiltonian cycle of T . Suppose that D
contains an m-cycle Cm = v1v2 · · · vmv1 such that V (Cr) ⊆ V (Cm). Let S be the residual set of Cm. If S has no vertex that
has an out-neighbor and an in-neighbor on Cm and S ≠ ∅, then S can be decomposed into two sets S1 and S2 such that
S2 → V (Cm) → S1. We may assume, without loss of generality, that S1 ≠ ∅. Since D is strongly connected, there is a path
from S1 to Cm. Let P = y1y2 · · · yq be such a shortest path, where necessarily q ≥ 3.
For convenience, we give two claims:
Claim A. Let Cm, S, and P be as above. Then either there exist two arcs vmyq−2 and yq−2yq−1 that belong to an l-cycle C ′l for each
l ∈ {3, 4, . . . ,m+2} such that V (C ′3) ⊂ V (C ′4) ⊂ · · · ⊂ V (C ′m+2), or there exist two arcs y1y2 and y2y3 that belong to an l-cycle
C ′′l for each l ∈ {3, 4, . . . ,m+ q− 1} such that V (C ′′3 ) ⊂ V (C ′′4 ) ⊂ · · · ⊂ V (C ′′m+q−1).
Proof. Suppose first that V (P) ∩ S2 ≠ ∅. It is easy to see that V (P) ∩ S2 = {yq−1}. If q = 3, then the induced
sub-digraph ⟨{y1, y2} ∪ V (Cr)⟩ is a strong sub-tournament of order r + 2, a contradiction. Therefore, we have q ≥ 4.
Without loss of generality, we assume that yq−2 and vm are in distinct partite sets, which implies that vm → yq−2. Now,
C ′m−l+3 = vmyq−2yq−1vlvl+1 · · · vm is an (m− l+ 3)-cycle through two arcs vmyq−2 and yq−2yq−1 for every 1 ≤ l ≤ m.
Suppose secondly that every shortest such path contains no vertex of S2. Since P is such a shortest path, then yi → y1
for 3 ≤ i ≤ q. Without loss of generality, let yq = vm. We obtain an i-cycle C ′′i = y1y2 · · · yiy1 for every 3 ≤ i ≤ q, and a
(q+ j)-cycle C ′′q+j = y1y2 · · · yqv1v2 · · · vjy1 through two arcs y1y2 and y2y3 for every 1 ≤ j ≤ m− 1. 
Claim B. Let C ′m+2 (resp. C
′′




m+q−1). If R has at least one vertex
that has an out-neighbor and an in-neighbor on C ′m+2 (resp. C
′′
m+q−1), then there exists a cycle Cm+h+2 (resp. Cm+q+h−1) containing
two desired arcs for some positive integer h such that Rh has no vertex that has an out-neighbor and an in-neighbor on Cm+h+2
(resp. Cm+q+h−1), where Rh denotes the residual set of the cycle Cm+h+2 (resp. Cm+q+h−1).
Proof. Let C ′m+2 = vmyq−2yq−1v1v2 · · · vm, S and P be as in Claim A. Since q ≥ 4, we deduce that S2 ⇒ S1. Obviously, R ⊂ S.
Therefore, R can be decomposed into two sets R1 = S1 ∩ R and R2 = S2 ∩ R such that R2 ⇒ R1. Note that S2 → V (Cm)→ S1.
We have that V (C ′m+2) \ {yq−2} → R1 and R2 → V (C ′m+2) \ {yq−1, yq−2}.
Let z1 ∈ R be a vertex that has an out-neighbor and an in-neighbor on C ′m+2. Then z1 ∈ R1 or z1 ∈ R2. When
z1 ∈ R1, we have z1 → yq−2 since V (C ′m+2) \ {yq−2} → R1. Hence q = 4, since z1 ∈ S1. Now, z1y2y3z1 is a 3-cycle, and
z1y2y3vivi+1 · · · vmz1 is an (m − i + 4)-cycle through two arcs z1y2 and y2y3 for every 1 ≤ i ≤ m. When z1 ∈ R2, we have
z1 → V (C ′m+2) \ {yq−2, yq−1}. If yq−1 → z1, we obtain an (m + 3)-cycle vmyq−2yq−1z1v1v2 · · · vm through two arcs vmyq−2
and yq−2yq−1. If z1 → yq−1, then N−(z1) ∩ V (C ′m+2) = {yq−2}. Now, yq−2z1yq−1v1v2 · · · vmyq−2 is an (m + 3)-cycle, and
z1vivi+1 · · · vmyq−2z1 is an (m− i+ 3)-cycle through two arcs vmyq−2 and yq−2z1 for every 1 ≤ i ≤ m.
Suppose that z1, z2, . . . , zk are absorbed into C ′m+2 such that the vertex yq−2 is incident to two desired arcs in the cycle
obtained, Cm+k+2. Let Ri denote the residual set of Cm+i+2 for 1 ≤ i ≤ k. Since Ri ⊂ R = R1 ∪ R2 for 1 ≤ i ≤ k, without
loss of generality, we can assume that {z1, z2, . . . , zl} ⊂ R1 and {zl+1, . . . , zk} ⊂ R2 for some l ∈ {0, 1, 2, . . . , k}. Since
V (C ′m+2) \ {yq−2} → R1 and R2 → V (C ′m+2) \ {yq−1, yq−2}, without loss of generality, we can assume that this cycle
Cm+k+2 = vmw1w2 · · ·wlyq−2wl+1wl+2 · · ·wk+1v1v2 · · · vm (if l > 0, then q = 4) with two desired arcswlyq−2 and yq−2wl+1,
in which {w1, w2, . . . , wl} = {z1, z2, . . . , zl} and {wl+1, wl+2, . . . , wk+1} = {yq−1, zl+1, . . . , zk}(yq−1 ∈ S2).
If Rk contains a vertex zk+1 that has an out-neighbor and an in-neighbor on Cm+k+2, since Rk ⊂ R = R1 ∪ R2, we have
that zk+1 ∈ R1 or zk+1 ∈ R2. When zk+1 ∈ R1, we have N+(zk+1) ∩ V (Cm+k+2) ⊂ {w1, w2, . . . , wl, yq−2}. Now, q = 4.
If there exists a minimum subscript i such that zk+1 → wi for 1 ≤ i ≤ l, we can absorb zk+1 between wi−1(vm) and wi.
Now, we obtain a cycle Cm+k+3 through two arcs wly2 and y2wl+1. Otherwise, {w1, w2, . . . , wl} → zk+1. Hence zk+1 → y2.
Then the cycle Cm+k+3 = vmw1w2 · · ·wlzk+1y2wl+1wl+2 · · ·wk+1v1v2 · · · vm contains two desired arcs zk+1y2 and y2wl+1.
When zk+1 ∈ R2, we have N−(zk+1) ∩ V (Cm+k+2) ⊂ {yq−1, wl+1, wl+2, . . . , wk+1}. If there is a maximum subscript j such
that wj → zk+1 for l + 1 ≤ j ≤ k + 1, then zk+1 can be absorbed between wj and wj+1(v1). We obtain a cycle Cm+k+3
through two arcs wlyq−2 and yq−2wl+1. Otherwise, zk+1 → {wl+1, wl+2, . . . , wk+1}. Hence yq−2 → zk+1. Then the cycle
Cm+k+3 = vmw1w2 · · ·wlyq−2zk+1wl+1wl+2 · · ·wk+1v1v2 · · · vm contains two desired arcswlyq−2 and yq−2zk+1.
Since R is a finite set, there exists some positive integer h such that Rh has no vertex that has an out-neighbor and an
in-neighbor on Cm+h+2 after z1, z2, . . . , zh are absorbed into C ′m+2.
Let C ′′m+q−1 = y1y2 · · · yqv1v2 · · · vm−1y1, S and P be as in Claim A. Recalling that S = S1 ∪ S2, since every shortest
path from S1 to Cm contains no vertex of S2 and P is such a shortest path, we have that S2 ⇒ S1 ∪ V (P) \ {yq−1} and
V (P) \ {y1, y2} → S1. Note that S2 → V (Cm)→ S1. Therefore, V (C ′′m+q−1) \ {y1, y2} → S1 and S2 → V (C ′′m+q−1) \ {y1, yq−1}.
Obviously, R ⊂ S. Therefore, R can be decomposed into two sets R1 = S1 ∩ R and R2 = S2 ∩ R such that R2 ⇒ R1. We have
that V (C ′′m+q−1) \ {y1, y2} → R1 and R2 → V (C ′′m+q−1) \ {yq−1} also. Using an argument similar to the one applied for C ′m+2,
we can obtain the cycle Cm+q+h−1 with two desired arcs. 
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For the cycle Cr , let S be the residual set of Cr . Recalling that T is a strong sub-tournament of D with maximum order,
then S has no vertex that has an out-neighbor and an in-neighbor on Cr and S ≠ ∅. We can use Claim A for the cycle Cr = Cm
to obtain a longer cycle with two desired arcs. If we obtain the desired cycle of length c only by using Claim A, we are done.
Otherwise, there exists a cycle C ′m+2 (resp. C
′′
m+q−1) (m > r) with two desired arcs such that R has at least one vertex that
has an out-neighbor and an in-neighbor on C ′m+2 (resp. C
′′
m+q−1), where R is described in Claim B. Without loss of generality,
we only consider the cycle C ′m+2. Now, by Claim B, there exists a cycle Cm+h+2 with two desired arcs. If m + h + 2 ≥ c , we
are done. Otherwise, we repeat the process above for the cycle Cm+h+2. The proof of the theorem is complete. 
Lemma 2.2. Let D be a strong c-partite tournament with c ≥ 3. Let r be the order of a strong sub-tournament of D with the
maximum order. If c = r + 1, then D contains at least three arcs that belong to an m-cycle for each m ∈ {3, 4, . . . , c}.
Proof. Let T be a strong sub-tournament of order r of D. We choose a Hamiltonian cycle Cr = v1v2 · · · vrv1 of T such that
Cr has the maximum number of pancyclic arcs. By the result that h(T ) ≥ 3 of Moon [2], Cr contains at least three pancyclic
arcs in T . Let S be the residual set of Cr . Then S has no vertex that has an out-neighbor and an in-neighbor on Cr . By Claim A,
we obtain either the cycle C ′r+1 or the cycle C
′′
r+q−1.
We first consider the cycle C ′r+1 = vryq−2yq−1v2v3 · · · vr(q > 3). By Claim A, vryq−2 and yq−2yq−1 are two desired arcs.
At least one pancyclic arc of Cr is contained in C ′r+1, since only two arcs vrv1 and v1v2 of Cr are not contained in C
′
r+1. So, this
pancyclic arc, vryq−2 and yq−2yq−1 are three desired arcs.
We secondly consider the cycle C ′′r+q−1 = y1y2 · · · yqv1v2 · · · vr−1y1(yq = vr , q ≥ 3). By Claim A, y1y2 and y2y3 are two
desired arcs. If q = 3, we consider the cycle y1y2vrv1 · · · vr−2y1, denoted by Cr+1. At least one pancyclic arc of Cr is contained
in Cr+1, since only two arcs vr−2vr−1 and vr−1vr of Cr are not contained in Cr+1. So, this pancyclic arc, y1y2 and y2y3 are
three desired arcs. In the following, we always assume q > 3. We shall find a desired arc apart from the two arcs y1y2 and
y2y3. Suppose that the vertex vi is in the same partite set with yq−1 for some i ∈ {1, 2, . . . , r}. We have that vi+1 and yq−1
are in distinct partite sets. When i ≠ r − 1, if vi+1 → yq−1, we choose a minimum subscript j ∈ {i + 2, i + 3, . . . , r}
such that yq−1 → vj. Then vj−1 → yq−1 → vj. We obtain an (r + 1)-cycle v1v2 · · · vj−1yq−1vj · · · vrv1 that contains at
least two pancyclic arcs in T . If yq−1 → vi+1, we relabel Cr such that vi+1 is denoted by vr . So we always consider the
case when i = r − 1. If vr−2 and yq−2 are in distinct partite sets, then we have vr−2 → yq−2. Now, the (r + 1)-cycle
yq−2yq−1vrv1 · · · vr−2yq−2 contains at least one pancyclic arc in T .
In the following, we always assume that vr−2 and yq−2 are in the same partite set. Now, since all vertices of Cr are in
distinct partite sets, we have {vr , v1, v2, . . . , vr−3} → yq−2. Then yq−1vr is contained in a 3-cycle yq−2yq−1vryq−2, and in an
(i+3)-cycle yq−2yq−1vrv1 · · · viyq−2 for every 1 ≤ i ≤ r−3. So, ifwe obtain an (r+1)-cycle that is through yq−1vr , then yq−1vr
is a desired arc. If there exist two vertices vr−i and yq−i that are in distinct partite sets for some i ∈ {3, 4, . . . , r}(v0 = vr),
we arrive at an (r + 1)-cycle yq−iyq−i+1 · · · yq−1vrv1v2 · · · vr−iyq−i through the arc yq−1vr . (If q ≤ r + 1, we have that
y1y2 · · · vrv1 · · · vr−q+1y1 is a desired (r + 1)-cycle since V (Cr)→ y1.)
If vr−i and yq−i are in the same partite set for each i ∈ {1, 2, . . . , r}, we have q > r + 1, since yq−r ≠ y1. Now,
since yq−i and vr−i are in the same partite set, and y1 and vr−i are in distinct partite sets for each i ∈ {1, 2, . . . , r},
there exist two nonnegative positive integers k and l ≤ r such that vr−l and yq−(k+1)r−l are in distinct partite sets, and
when 0 ≤ jr + i < (k + 1) + l, each pair of vertices vr−i and yq−jr−i is in the same partite set. We have yq−kr−l →
{yq−kr−l−2, yq−kr−l−3, . . . , yq−(k+1)r−l}, since vr−l and yq−kr−l are in the same partite set and all vertices of Cr are in distinct
partite sets. So, we obtain an (m+ 1)-cycle yq−kr−lyq−kr−l−myq−kr−l−m+1 · · · yq−kr−l through the arc yq−kr−lyq−kr−l−1 for each
m ∈ {2, 3, . . . , r}. The arc yq−kr−lyq−kr−l−1 is a desired arc. The proof of the lemma is complete. 
Theorem 2.3. If D is a strong c-partite tournament with c ≥ 3, then D contains at least three arcs that belong to an m-cycle for
each m ∈ {3, 4, . . . , c}.
Proof. If D contains a strong sub-tournament T of order c , we complete the proof since every strong tournament contains
at least three pancyclic arcs. Otherwise, let r(< c) be the order of the strong sub-tournament with maximum order. Let Cc
be the cycle that is obtained from Theorem 2.1 and let S be the residual set of Cc . Obviously, S ≠ ∅.
Suppose that Cc is the cycle Cm+k+2 (resp. Cm+k+q−1) obtained from C ′m+2 (resp. C
′′
m+q−1) by absorbing vertices
z1, z2, . . . , zk. Since a similar argument is applied in the two cases above, we only consider the case when Cc = Cm+k+2.
If S has no vertex that has an out-neighbor and an in-neighbor on Cc , by Claim A, we can obtain another two desired
arcs. If there is a vertex z of S such that z has an out-neighbor and an in-neighbor on Cc , let R be the residual set of C ′m+2.
Recalling that R can be decomposed into two sets R1 and R2 such that R2 ⇒ R1, we can assume that {z1, z2, . . . , zl} ⊂ R1 and
{zl+1, . . . , zk} ⊂ R2 for some l ∈ {0, 1, 2, . . . , k}. Now, from the proof of Theorem 2.1, we can assume that Cc = Cm+k+2 =
vmw1w2 · · ·wlyq−2wl+1wl+2 · · ·wk+1v1v2 · · · vm (if l > 0, then q = 4) with two desired arcs wlyq−2, yq−2wl+1, in which
{w1, w2, . . . , wl} = {z1, z2, . . . , zl} and {wl+1, wl+2, . . . , wk+1} = {yq−2, zl+1, . . . , zk}. Since S ⊂ R, we have that z ∈ R1 or
z ∈ R2.
Suppose first that z ∈ R1. When l = 0, we have N+(z)∩ V (Cm+k+2) = {yq−2} since V (C ′m+2) \ {yq−2} → R1 and R2 ⇒ R1.
Hence, q = 4. The arc zy2 is contained in an (i+ 2)-cycle zy2w1w2 · · ·wiz for every 1 ≤ i ≤ k+ 1, and in a (k+ j+ 3)-cycle
zy2w1w2 · · ·wk+1v1v2 · · · vjz for every 1 ≤ j ≤ m. Then vmy2, y2w1 and zy2 are desired arcs.
When l ≥ 1, now, q = 4. We consider the induced sub-tournament T by {z, y2, w1w2, . . . , wl}. We have
{wl+1, wl+2, . . . , wk+1, v1, v2, . . . , vm} → {z, w1, w2, . . . , wl}, since V (C ′m+2) \ {y2} → R1 and R2 ⇒ R1.
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If T is strongly connected, we choose a Hamiltonian cycle Cl+2 that has the maximum number of pancyclic arcs in T .
Then Cl+2 contains at least three pancyclic arcs, in which there are at least two pancyclic arcs whose tails are not y2.
We may assume, without loss of generality, that Cl+2 = y2u1u2 · · · ul+1y2, in which uhuh+1 is a pancyclic arc for some
h ∈ {1, 2, . . . , l + 1}. Now, uhuh+1 is contained in an (i + 2)-cycle uhuh+1 · · · ul+1y2wl+1wl+2 · · ·wiu1u2 · · · uh for every
l + 1 ≤ i ≤ k + 1, and in a (k + j + 3)-cycle uhuh+1 · · · ul+1y2wl+1wl+2 · · ·wk+1v1v2 · · · vju1u2 · · · uh for every 1 ≤ j ≤ m.
Then the two pancyclic arcs and y2wl+1 are three desired arcs.
If T is not strongly connected, assume that T1, T2, . . . , Tt are strongly connected components of T such that T1 → T2 →
· · · → Tt with t ≥ 2. Assume that |V (Tt)| ≥ 3. Now, y2 ∈ V (Tt), since N+(T ) ∩ {wl+1, wl+2, . . . , wk+1, v1, v2, . . . , vm} =
{y2}. The argument is similar to the one applied in the case when T is strongly connected. If V (Tt) = {y2}, we consider
Tt−1. For an arbitrary vertex u ∈ Tt−1, we have {v1, v2, . . . , vm, wl+1, wl+2, . . . , wk+1} → {u}. Then uy2 is contained in an
(i−l+2)-cycleuy2wl+1wl+2 · · ·wiu for every l+1 ≤ i ≤ k+1, and in a (k−l+j+3)-cycleuy2wl+1wl+2 · · ·wk+1v1v2 · · · vju for
every 1 ≤ j ≤ m. There exists a path P of length s from vm tou for each s ∈ {1, 2, . . . , l+1} such thatV (P)\{vm} ⊂ V (T )\{y2}.
Then uy2 is also contained in cycles of lengths k − l + m + 4, k − l + m + 5, . . . , k + m + 3. So, if |V (Tt−1)| ≥ 3, we are
done. If |V (Tt−1)| = 1, without loss of generality, assume that Tt−1 = {w1}. For an arbitrary vertex of Tt−2, without loss of
generality, say w2, we have w2 → y2. Using an argument similar to the one applied for uy2, we have that w2y2 is a desired
arc. So, y2wl+1, w1y2 andw2y2 are three desired arcs.
Suppose secondly that z ∈ R2. Now, the argument is similar to the one applied in the case when z ∈ R1, by considering
the converse of the corresponding digraph.
Applying an argument similar to that used above, we can obtain the following:
Claim C. For the cycle C ′m+2 (resp. C
′′




m+q−1). If R contains at least one vertex
that has an out-neighbor and an in-neighbor on C ′m+2 (resp. C
′′
m+q−1), then there are three arcs that belong to an l-cycle for every
3 ≤ l ≤ m+ 2 (resp. 3 ≤ l ≤ m+ q− 1).
If Cc ∈ {C ′m+1, C ′m+2} (resp. {C ′′m+1, C ′′m+2, . . . , C ′′m+q−1}), we consider the cycle C ′m+2 (resp. C ′′m+q−1). Let R be the residual set
of C ′m+2 (resp. C
′′





by Claim C, we are done. If R has no vertex that has an out-neighbor and an in-neighbor on C ′m+2 (resp. C
′′
m+q−1) and R ≠ ∅,
by Claim A, we can obtain another two desired arcs.
When R = ∅, V (Cm) contains vertices from exactly c − 1 partite sets. Then c − 1 ≤ m. Note that m < c . Hence, the
digraph induced by V (Cm) is a strong sub-tournament of order c − 1. By Lemma 2.2, we are done. The proof of the theorem
is complete. 
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